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Abstract: Let Fqn be the extension of the field Fq of degree n, where q is power of prime p, i.e
q = pk, where k is a positive integer. In this paper, we provide sufficient condition for the existence
of a primitive normal element α ∈ Fqn such that α
2 + α + 1 is also primitive normal element over
Fqn.
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1 Introduction
Let Fq be a finite field of order q = p
k, where p is some prime and k is some positive integer.
Fqn be the extension field of Fq of degree n. For any finite field its multiplicative group F
∗
qn is
cyclic.The generators of F∗qn are called primitive elements of Fqn. Any field of order q
n (i.e., Fqn)
has φ(qn − 1) primitive elements, where φ is the Euler’s phi-function. An element α ∈ Fqn is called
a normal element of Fqn over Fq if {α, α
q, . . . , αq
n−1
} is a basis of Fqn(Fq). This basis is called
normal basis . Normal bases are quite useful in finite field theory, as they are applicable in coding
theory, cryptography etc [1].It is well known ([13],Theorem 2.35), that there exists a normal basis
of Fqn over Fq. An element α ∈ F
∗
qn is called a primitive normal element if it is primitive as well as
normal element of Fqn over Fq.
Using the properties of primitive elements , modern day cryptosystems such as ElGamal crypto-
system,The Diffie−Hellman key agreement protocol , RSA cryptosystem are developed. Interest-
ingly, even though there are φ(qn − 1) primitive elements in a finite field Fqn, but finding one
such primitive element may be difficult, as there is no polynomial time algorithm to compute a
primitive element. But one can determine a primitive element in context of other. The main focus
is to prove the existence of primitive element in terms of another primitive element, thus making a
choice between them for further applications. Same is applicable for primitive normal element. In
our paper we establish a sufficient condition for existence of a primitive normal element in context
of another one. Lenstra and Schoof[11] proved the existence of primitive normal element for any
finite field Fqn over Fq. Later, Cohen and Huczynska[4] gave a computer free proof of the existence
of a primitive normal element.
For any primitive element α ∈ Fqn and for a rational function f , f(α) need not be primitive
in Fqn , for example, if we consider f(x) = x + 1 over the field F2, then we see that f(1) is not
a primitive element in α ∈ F2 whereas 1 is a primitive element of F2. But for f(x) =
1
x
, f(α) is
always primitive for α ∈ Fqn . Cohen and Han studied the existence of primitive element α such that
1
f(α) = α+α−1 is also primitive in a finite field. In 2012, Wang[16] established a sufficient condition
for existence of a primitive element α such that α+α−1 is also primitive for the case 2|q, later on it
generalised by Leao[17]. Further Tian and Qi[18] proved the existence of a normal element α ∈ Fqn
such that α−1 is also normal in Fqn over Fq for n ≥ 32. Later Cohen and Huczynska[5] proved the
existence of a primitive normal element α ∈ Fqn such that α
−1 is also primitive normal over Fq for
n ≥ 2, except when (q, n) is one of the pairs (2,3), (2,4), (3,4), (4,3), (5,4). In 2018, Anju and
R.K.Sharma[14] established a sufficient condition for the existence of a primitive element α ∈ Fqn ,
such that for α2 + α+ 1 is also primitive in Fqn . Further they established a sufficient condition for
the existence of a primitive normal element α ∈ Fqn, such that α
2 + α + 1 is also primitive in Fqn .
In this paper we use the notation M for the set (q, n) such that Fqn contains primitive normal
element α such that α2 + α + 1 is also primitive normal element in Fqn . For any positive integer
m > 1 and any g(x) ∈ Fq[x], ω(m) and Ωq(g) denote the number of prime divisors of m and the
number of monic irreducible divisors of g over Fq respectively.
2 Prerequisites
First of all, we recall some definitions.
Definition 2.1. Character Let G be a finite abelian group and S := {z ∈ C : |z| = 1} be
the multiplicative group of all complex numbers with modulus 1 . Then a character χ of G is a
homomorphism from G into the group S, i.e χ(a1a2) = χ(a1)χ(a2) for all a1, a2 ∈ G. The characters
of G forms a group under multiplication called dual group or character group of G which is denoted
by Ĝ. It is well known that Ĝ is isomorphic to G. Again the character χ0 is denoted for the trivial
character of G defined as χ0(a) = 1 for all a ∈ G.
In a finite field Fqn , there are two types of abelian groups, namely additive group Fqn and
multiplicative group F∗qn. So, there are two types of characters of a finite field Fqn , namely
additive character for Fqn and multiplicative character for F
∗
qn . Multiplicative characters are ex-
tended from F∗qn to Fqn by the rule χ(0) =
{
0 ifχ 6= χ0
1 ifχ = χ0
Since F̂∗qn
∼= F∗qn, so F̂
∗
qn is cyclic and for any divisor d of q
n−1, there are exactly φ(d) characters
of order d in F̂∗qn.
Definition 2.2. e-free element For any divisor e of qn− 1, an element α ∈ Fqn is called e − free,
if for any d|e, α = βd where β ∈ Fqn implies d = 1 i.e, if gcd(d,
qn−1
ordqn (α)
) = 1. Hence an element
α ∈ F∗qn is primitive if and only if it is q
n − 1-free.
Definition 2.3. Fq-order of an element
The additive group of Fqn is a Fq[x]-module under the rule
foα =
m∑
i=1
aiα
qi; for α ∈ Fqn and f(x) =
m∑
i=1
aix
i ∈ Fq[x].
For α ∈ Fqn , the Fq-order of α is the monic Fq-divisor g of x
n − 1 of minimal degree such that
goα = 0.
Definition 2.4. g-free element
Let g be a divisor of xn − 1. If, α = hoβ where β ∈ Fqn, h is a divisor of x
n − 1 implies h = 1, then
α is called g-free in Fqn . Hence an element α ∈ Fqn is normal if and only if it is x
n − 1 free.
2
Definition 2.5. Character function
For any e|qn − 1, Cohen and Huczynska[4, 5] defined the character function for the subset of e-free
elements of F∗qn by
ρe : α 7→ θ(e)
∑
d|e
(µ(d)
φ(d)
∑
χd
χd(α))
where θ(e) := φ(e)
e
, µ is the Möbius function and χd stands for any multiplicative character of order
d.
Again, for any monic Fq-divisor g of x
n − 1, a typical additive character ψg of Fq-order g is one
such that ψgog is the trivial character in Fqn and g is of minimal degree satisfying this property.
Furthermore, there are Φq(g) characters ψg, where Φq(g) = (Fq[x]/gFq[x])
∗ is the analogue of Euler
function on Fq[x].
Then the character function for the set of g-free elements in Fqn , for any g|x
n − 1 is given by
κg : α 7→ Θ(g)
∑
f |g
(µ
′(f)
Φ(f)
∑
ψf
ψf (α))
when Θ(g) := Θ(g)
qdeg(g)
, sum runs over all additive characters ψf of Fq-order g and µ
′ is the analogue
of the Möbius function which is defined as follows:
µ′(g) =
{
(−1)s if g is a product of s distinct monic polynomials
0 otherwise
From Cohen and Huczynska[5], we have the following about the typical additive character.
Let λ be the canonical additive character of Fq. Thus for α ∈ Fq this character is defined as
λ(α) = exp2piiTr(α)/p
where Tr(α) is absolute trace of α over Fp.
Now let ψ0 be canonical additive character of Fqn, it is simply the lift of λ to Fqn i.e., ψ0(α) =
λ(Tr(α)), α ∈ Fqn . Now for any δ ∈ Fqn, let ψδ be the character defined by ψδ(α) = ψ0(δα), α ∈ Fqn .
Define the subset ∆g of Fqn as the set of δ for which ψδ has Fq-order g. So we may also write ψδg
for ψδ, where δg ∈ ∆g. So with the help of this we can express any typical additive character ψg in
terms of ψδg and further we can express this in terms of canonical additive character ψ0.
3 Theorems and lemmas used in this paper
In this section we recall some theorems which will be used throughout our discussions
Theorem 3.1. ([13],Theorem5.4) If χ is any nontrivial character of a finite abelian group G and
α ∈ G any nontrivial element then∑
α∈G
χ(α) = 0 and
∑
χ∈Ĝ
χ(α) = 0.
Theorem 3.2. ([13], theorem5.11) Let χ be a nontrivial multiplicative character and ψ a non-
trivial additive character of Fqn. Then
|
∑
α∈F∗
qn
χ(α)ψ(α)| = qn/2.
Theorem 3.3. ([7],Corollary 2.3.)
Consider any two nontrivial multiplicative characters χ1, χ2 of the finite field Fqn. Again, let f1(x)
and f2(x) be two monic pairwise co-prime polynomials in Fqn[x], such that none of fi(x) is of the
form g(x)ord(χi) for i = 1, 2; where g(x) ∈ Fqn[x] with degree at least 1. Then
|
∑
α∈Fqn
χ1(f1(α))χ2(f2(α))| ≤ (n1 + n2 − 1)q
n/2
where n1 and n2 are the degrees of largest square free divisors of f1 and f2 respectively.
3
Theorem 3.4. Weil′sTheorem ([13],Theorem5.38)
Let f ∈ Fq[x] of degree n ≥ 1 with gcd(n, q) = 1 and ψ be nontrivial additive character of Fqn. Then
|
∑
α∈Fqn
ψ(f(α))| ≤ (n− 1)qn/2.
Theorem 3.5. ([13],Theorem5.41)
Let χ be a multiplicative character of Fqn of order m > 1 and f ∈ Fqn [x] be a monic polynomial of
positive degree that is not an mth power of a polynomial over Fqn. Let d be the number of distinct
roots of f in its splitting field over Fqn. Then for every a ∈ Fqn, we have
|
∑
α∈Fqn
χ(af(α))| ≤ (d− 1)qn/2
Theorem 3.6. ([2],Theorem5.6)
Let f1(x), f2(x), . . . , fk(x) ∈ Fqn [x] be distinct irreducible polynomials and g(x) be rational function
over Fqn. Let χ1, χ2. . . . , χk be multiplicative characters and ψ be a nontrivial additive character of
Fqn. Suppose that g(x) is not of the form r(x)
q − r(x) in Fqn[x]. Then∣∣∣∣∣∣∣
∑
α∈Fqn
fi(α) 6=0,g(α) 6=∞
χ1(f1(α))χ2(f2(α)) . . . χk(fk(α))ψ(g(α))
∣∣∣∣∣∣∣
≤ (n1 + n2 + n3 + n4 − 1)q
n/2
where n1 =
k∑
j=1
deg(fj), n2 = max(deg(g), 0), n3 is the degree of denominator of g(x) and n4 is
sum of degrees of those irreducible polynomials dividing the denominator of g, but distinct from
fj(x), j = 1, 2, . . . , k.
Lemma 3.7. ([11],Lemma2.6)
Let n > 1, l > 1 be integers and Λ be the set of primes ≤ l. Set L := Π
r∈Λ
r. Assume that every
prime factor r < l of n is contained in Λ. Then
ω(n) ≤ log n−log L
log l
+ |Λ| (3.1)
Let m be a positive integer and pm be the m
th prime. Now we can take l = pm, and then Λ is the
set of primes no more than pm , |Λ| = m i.e., so the inequality (3.1) becomes
ω(n) ≤
log n−
m∑
i=1
log pi
log pm
+ m (3.2)
Lemma 3.8. ([14],Lemma2.7)
Let q be a prime power and n be a positive integer. Let Ω := Ωq(x
n − 1). Then we have
Ω ≤ {n + gcd(n, q − 1)}/2. In particular, Ω ≤ n and Ω = n if and only if n|q − 1. Moreover,
Ω ≤ 3
4
n if n ∤ q − 1.
Lemma 3.9. ([14],Lemma3.1)
For any positive integer N, 2ω(N) < C(N)N1/5, where C(N) < 11.25.
Moreover C(N) <
{
7.77 if 5 ∤ N
8.31 if 7 ∤ N
4
4 Main results
Let Nqn(m1, m2, g1, g2) be the number of α ∈ Fqn, such that α is m1-free, α
2+α+1 is m2-free, α is
g1-free and α
2 + α + 1 is g2-free, where m1, m2 are positive integers and g1, g2 are any polynomials
over Fq. We use the notations χ1 and ψ1 to denote the trivial multiplicative and additive characters
respectively.
Theorem 4.1. Let q = pk for some prime p 6= 2, 3; k ∈ N and n be a positive integer. Let us write
ω := ω(qn − 1) and Ω := Ωq(x
n − 1). If qn/2 > 4.22ω+2Ω, then (q, n) ∈M.
Proof: By definition
Nqn(q
n − 1, qn − 1, xn − 1, xn − 1) =
∑
α∈F∗
qn
ρqn−1(α)ρqn−1(α
2 + α + 1)κxn−1(α)κxn−1(α
2 + α + 1)
= θ(qn − 1)2Θ(xn − 1)2
∑
α∈F∗
qn
∑
d,h|qn−1
∑
g,f |xn−1
µ(d)µ(h)µ′(g)µ′(f)
φ(d)φ(h)Φ(g)Φ(f)∑
χd,χh
∑
ψg ,ψf
χd(α)χh(α
2 + α+ 1)ψg(α)ψf(α
2 + α + 1)
= θ(qn − 1)2Θ(xn − 1)2(
16∑
i=1
Si)
If S1 is taken over d = h = 1 = g = f ,then
S1 =
∑
α∈F∗
qn
∑
d=1=h
∑
g=1=f
µ(d)µ(h)µ′(g)µ′(f)
φ(d)φ(h)Φ(g)Φ(f)
∑
χd,χh
∑
ψg,ψf
χd(α)χh(α
2 + α + 1)ψg(α)ψf(α
2 + α + 1)
=
∑
α∈F∗
qn
∑
d=1=h
∑
g=1=f
(
µ(1)µ′(1)
φ(1)Φ(1)
)2 ∑
χ1,χ1
∑
ψ1,ψ1
χ1(α)χ1(α
2 + α + 1)ψ1(α)ψ1(α
2 + α + 1)
=
∑
α∈F∗
qn
1 = qn − 1
If S2 is taken over d 6= 1, h = 1 = g = f , then
|S2| =
∣∣∣∣∣∣
∑
α∈F∗
qn
∑
16=d|qn−1
∑
g=1=f
µ(d)
φ(d)
∑
χd
∑
ψ1,ψ1
χd(α)χ1(α
2 + α + 1)ψ1(α)ψ1(α
2 + α + 1)
∣∣∣∣∣∣
=
∣∣∣∣∣∣
∑
α∈F∗
qn
∑
16=d|qn−1
µ(d)
φ(d)
∑
χd
χd(α)
∣∣∣∣∣∣
5
≤
∑
16=d|qn−1
µ(d)
φ(d)
∑
χd
∣∣∣∣∣ ∑α∈F∗
qn
χd(α)
∣∣∣∣∣
By theorem 3.1, we have |S2| = 0
If S3 is taken over h 6= 1, d = 1 = g = f , then
|S3| =
∣∣∣∣∣∣
∑
α∈F∗
qn
∑
16=h|qn−1
∑
g=1=f
µ(h)
φ(h)
∑
χh
∑
ψ1,ψ1
χ1(α)χh(α
2 + α + 1)ψ1(α)ψ1(α
2 + α + 1)
∣∣∣∣∣∣
≤
∑
16=h|qn−1
h squarefree
1
φ(h)
∑
χh
∣∣∣∣∣∣
∑
α∈Fqn
χh(α
2 + α + 1)− χh(1)
∣∣∣∣∣∣
By theorem 3.5, we have
∣∣∣∣∣ ∑α∈Fqnχh(α2 + α + 1)
∣∣∣∣∣ ≤ qn/2. Using this, ∑χh1 = φ(h) and∑
16=h|qn−1
h squarefree
1 = 2ω − 1, we get |S3| ≤ (q
n/2 + 1)(2ω − 1)
If S4 is taken over d 6= 1, h 6= 1, g = 1 = f , then
|S4| =
∣∣∣∣∣∣
∑
α∈F∗
qn
∑
16=d,h|qn−1
∑
g=1=f
µ(d)µ(h)
φ(d)φ(h)
∑
χd,χh
∑
ψ1,ψ1
χd(α)χh(α
2 + α + 1)ψ1(α)ψ1(α
2 + α + 1)
∣∣∣∣∣∣
≤
∑
16=d,h|qn−1
d,h squarefree
1
φ(d)φ(h)
∑
χd,χh
∣∣∣∣∣∣
∑
α∈F∗
qn
χd(α)χh(α
2 + α + 1)
∣∣∣∣∣∣
By theorem 3.3, we have
|S4| ≤
∑
16=d,h|qn−1
d,h squarefree
1
φ(d)φ(h)
∑
χd,χh
2qn/2 = 2qn/2(2ω − 1)2
If S5 is taken over d = 1 = h, g 6= 1, f = 1, then
|S5| =
∣∣∣∣∣∣
∑
α∈F∗
qn
∑
16=g|xn−1
µ′(g)
Φ(g)
∑
ψg
ψg(α)
∣∣∣∣∣∣
≤
∑
16=g|xn−1
g squarefree
1
Φ(g)
∑
ψg
∣∣∣∣∣∣
∑
α∈Fqn
ψg(α)− ψg(0)
∣∣∣∣∣∣
Now by applying theorem 3.1 and ψg(0) = 1, we have |S5| ≤
∑
16=g|xn−1
g squarefree
1
Φ(g)
∑
ψg
1
Then by using the facts
∑
ψg
1 = Ψ(g) and
∑
16=g|xn−1
g squarefree
1 = 2Ω − 1 we have |S5| ≤ (2
Ω − 1)
6
If S6 is taken over h = 1, d 6= 1, g 6= 1, f = 1, then
|S6| =
∣∣∣∣∣∣
∑
α∈F∗
qn
∑
16=d|qn−1
∑
16=g|xn−1
µ(d)µ′(g)
φ(d)Φ(g)
∑
χd
∑
ψg
χd(α)ψg(α)
∣∣∣∣∣∣
≤
∑
16=d|qn−1
d square free
∑
16=g|xn−1
g square free
1
φ(d)Φ(g)
∑
χd
∑
ψg
∣∣∣∣∣∣
∑
α∈F∗
qn
χd(α)ψg(α)
∣∣∣∣∣∣
Using theorem 3.2, we have
∣∣∣∣∣ ∑α∈F∗
qn
χd(α)ψg(α)
∣∣∣∣∣ ≤ qn/2, and hence |S6| ≤ qn/2(2ω − 1)(2Ω − 1)
If S7 is taken over d = 1, h 6= 1, g 6= 1, f = 1,then
|S7| =
∣∣∣∣∣∣
∑
α∈F∗
qn
∑
16=h|qn−1
∑
16=g|xn−1
µ(h)µ′(g)
φ(h)Φ(g)
∑
χh
∑
ψg
χh(α
2 + α + 1)ψg(α)
∣∣∣∣∣∣
≤
∑
16=h|qn−1
h square free
∑
16=g|xn−1
g square free
1
φ(h)Φ(g)
∑
χh
∑
ψg
∣∣∣∣∣∣
∑
α∈F∗
qn
χh(α
2 + α+ 1)ψg(α)
∣∣∣∣∣∣
≤
∑
16=h|qn−1
h square free
∑
16=g|xn−1
g square free
1
φ(h)Φ(g)
∑
χh
∑
ψg
∣∣∣∣∣∣
∑
α∈Fqn
χh(α
2 + α+ 1)ψg(α)− χh(1)ψg(0)
∣∣∣∣∣∣
By applying theorem 3.6, we have
∣∣∣∣∣ ∑α∈F∗
qn
χh(α
2 + α + 1)ψg(α)
∣∣∣∣∣ ≤ (2qn/2 + 1) and hence
|S7| ≤ (2q
n/2 + 1)(2ω − 1)(2Ω − 1).
If S8 is taken over d 6= 1, h 6= 1, g 6= 1, f = 1, then
|S8| =
∣∣∣∣∣∣
∑
α∈F∗
qn
∑
16=d,h|qn−1
∑
16=g|xn−1
µ(d)µ(h)µ′(g)
φ(d)φ(h)Φ(g)
∑
χd,χh
∑
ψg
χd(α)χh(α
2 + α + 1)ψg(α)
∣∣∣∣∣∣
≤
∑
16=d,h|qn−1
d,h square free
∑
16=g|xn−1
g square free
1
φ(d)φ(h)Φ(g)
∑
χd,χh
∑
ψg
∣∣∣∣∣∣
∑
α∈F∗
qn
χd(α)χh(α
2 + α + 1)ψg(α)
∣∣∣∣∣∣
≤
∑
16=d,h|qn−1
d,h square free
∑
16=g|xn−1
g square free
1
φ(d)φ(h)Φ(g)
∑
χd,χh
∑
ψg
∣∣∣∣∣∣
∑
α∈Fqn
χd(α)χh(α
2 + α + 1)ψg(α)
∣∣∣∣∣∣
Using theorem 3.6, we have
∣∣∣∣∣ ∑α∈Fqnχd(α)χh(α2 + α + 1)ψg(α)
∣∣∣∣∣ ≤ 3qn/2 and hence
|S8| ≤ 3q
n/2(2ω − 1)2(2Ω − 1).
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For the following, we consider
ψg = ψδg , δg ∈ F
∗
qn
ψf = ψγf , γf ∈ F
∗
qn
so that ψg(β) = ψδg(β) = ψ0(δgβ)
ψf (β) = ψγf (β) = ψ0(γfβ)
for β ∈ Fqn andψ0 is canonical additive character of Fqn.
If S9 is taken over d = h = 1 = g, f 6= 1, then
|S9| =
∣∣∣∣∣∣
∑
α∈F∗
qn
∑
16=f |xn−1
µ′(f)
Φ(f)
∑
ψf
ψf(α
2 + α+ 1)
∣∣∣∣∣∣
≤
∑
16=f |xn−1
f squarefree
1
Φ(f)
∑
ψf
∣∣∣∣∣∣
∑
α∈Fqn
ψf (α
2 + α + 1)− ψf (1)
∣∣∣∣∣∣
≤
∑
16=f |xn−1
f squarefree
1
Φ(f)
∑
ψf

∣∣∣∣∣∣
∑
α∈Fqn
ψf (α
2 + α + 1)
∣∣∣∣∣∣+ |ψf(1)|

By theorem 3.4, we have
∣∣∣∣∣ ∑α∈Fqnψf (α2 + α + 1)
∣∣∣∣∣ ≤ qn/2 and |ψf(1)| = 1, hence
|S9| ≤ (q
n/2 + 1)(2Ω − 1).
If S10 is taken over d 6= 1, h = 1, g = 1, f 6= 1, then
|S10| =
∣∣∣∣∣∣
∑
α∈F∗
qn
∑
16=d|qn−1
∑
16=f |xn−1
µ(d)µ′(f)
φ(d)Φ(f)
∑
χd
∑
ψf
χd(α)ψf(α
2 + α + 1)
∣∣∣∣∣∣
≤
∑
16=d|qn−1
d square free
∑
16=f |xn−1
f square free
1
φ(d)Φ(f)
∑
χd
∑
ψf
∣∣∣∣∣∣
∑
α∈F∗
qn
χd(α)ψf(α
2 + α + 1)
∣∣∣∣∣∣
Using theorem 3.2, we have
∣∣∣∣∣ ∑α∈F∗
qn
χd(α)ψf(α
2 + α + 1)
∣∣∣∣∣ ≤ 2qn/2 and hence
|S10| ≤ 2q
n/2(2ω − 1)(2Ω − 1).
If S11 is taken over d = 1, h 6= 1, g = 1, f 6= 1, then
|S11| =
∣∣∣∣∣∣
∑
α∈F∗
qn
∑
16=h|qn−1
∑
16=f |xn−1
µ(h)µ′(f)
φ(h)Φ(f)
∑
χh
∑
ψf
χd(α
2 + α + 1)ψf(α
2 + α+ 1)
∣∣∣∣∣∣
≤
∑
16=h|qn−1
h square free
∑
16=f |xn−1
f square lfree
1
φ(h)Φ(f)
∑
χh
∑
ψf
∣∣∣∣∣∣
∑
α∈F∗
qn
χh(α
2 + α + 1)ψf (α
2 + α + 1)
∣∣∣∣∣∣
≤
∑
16=h|qn−1
h square free
∑
16=f |xn−1
f square free
1
φ(h)Φ(f)
∑
χh
∑
ψf
∣∣∣∣∣∣
∑
α∈Fqn
χh(α
2 + α + 1)ψf (α
2 + α + 1)− χh(1)ψf (1)
∣∣∣∣∣∣
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By applying theorem 3.6, we have
∣∣∣∣∣ ∑α∈F∗
qn
χh(α
2 + α + 1)ψf (α
2 + α + 1)
∣∣∣∣∣ ≤ (3qn/2 + 1) and hence
|S11| ≤ (3q
n/2 + 1)(2ω − 1)(2Ω − 1).
If S12 is taken over d 6= 1, h 6= 1, g = 1, f 6= 1, then
|S12| =
∣∣∣∣∣∣
∑
α∈F∗
qn
∑
16=d,h|qn−1
∑
16=f |xn−1
µ(d)µ(h)µ′(f)
φ(d)φ(h)Φ(f)
∑
χd,χh
∑
ψf
χd(α)χh(α
2 + α + 1)ψf(α
2 + α + 1)
∣∣∣∣∣∣
≤
∑
16=d,h|qn−1
d,h square free
∑
16=f |xn−1
f square free
1
φ(d)φ(h)Φ(f)
∑
χd,χh
∑
ψf
∣∣∣∣∣∣
∑
α∈F∗
qn
χd(α)χh(α
2 + α + 1)ψf(α
2 + α + 1)
∣∣∣∣∣∣
≤
∑
16=d,h|qn−1
d,h square free
∑
16=f |xn−1
f square free
1
φ(d)φ(h)Φ(f)
∑
χd,χh
∑
ψf
∣∣∣∣∣∣
∑
α∈Fqn
χd(α)χh(α
2 + α + 1)ψf(α
2 + α + 1)
∣∣∣∣∣∣
By applying theorem 3.6, we have
∣∣∣∣∣ ∑α∈Fqnχd(α)χh(α2 + α + 1)ψf(α2 + α + 1)
∣∣∣∣∣ ≤ 4qn/2 and hence
|S12| ≤ 4q
n/2(2ω − 1)2(2Ω − 1).
If S13 is taken over d = 1, h = 1, g 6= 1, f 6= 1, then
|S13| =
∣∣∣∣∣∣
∑
α∈F∗
qn
∑
16=g,f |xn−1
µ′(g)µ′(f)
Φ(g)Φ(f)
∑
ψg,ψf
ψg(α)ψf (α
2 + α + 1)
∣∣∣∣∣∣
≤
∑
16=g,f |xn−1
g,f squarefree
1
Φ(g)Φ(f)
∑
ψg,ψf
∣∣∣∣∣∣
∑
α∈F∗
qn
ψg(α)ψf(α
2 + α + 1)
∣∣∣∣∣∣
=
∑
16=g,f |xn−1
g,f squarefree
1
Φ(g)Φ(f)
∑
ψg ,ψf
∣∣∣∣∣∣
∑
α∈Fqn
ψg(α)ψf (α
2 + α + 1)− ψg(0)ψf(1)
∣∣∣∣∣∣
=
∑
16=g,f |xn−1
g,f squarefree
1
Φ(g)Φ(f)
∑
ψg ,ψf
∣∣∣∣∣∣
 ∑
α∈Fqn
ψg(α)
∑
α∈Fqn
ψf (α
2 + α + 1)
− ψg(0)ψf(1)
∣∣∣∣∣∣
By theorem 3.1 and |ψf (1)| = 1, we have |S13| ≤ (2
Ω − 1)2.
If S14 is taken over d 6= 1, h = 1, f 6= 1, g 6= 1, then
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|S14| =
∣∣∣∣∣∣
∑
α∈F∗
qn
∑
16=d|qn−1
∑
16=f,g|xn−1
µ(d)µ′(g)µ′(f)
φ(d)Φ(g)Φ(f)
∑
χd
∑
ψg,ψf
χd(α)ψg(α)ψf (α
2 + α + 1)
∣∣∣∣∣∣
≤
∑
16=d|qn−1
d square free
∑
16=g,f |xn−1
g,f square free
1
φ(d)Φ(g)Φ(f)
∑
χd
∑
ψg,ψf
∣∣∣∣∣∣
∑
α∈F∗
qn
χd(α)ψg(α)ψf (α
2 + α + 1)
∣∣∣∣∣∣
≤
∑
16=d|qn−1
d square free
∑
16=g,f |xn−1
g,f square free
1
φ(d)Φ(g)Φ(f)
∑
χd
∑
ψg,ψf
∣∣∣∣∣∣
∑
α∈Fqn
χd(α)ψg(α)ψf (α
2 + α + 1)
∣∣∣∣∣∣
≤
∑
16=d|qn−1
d square free
∑
16=g,f |xn−1
g,f square free
1
φ(d)Φ(g)Φ(f)
∑
χd
∑
ψg,ψf
∣∣∣∣∣∣
∑
α∈Fqn
χd(α)ψδg(α)ψγf (α
2 + α + 1)
∣∣∣∣∣∣
≤
∑
16=d|qn−1
d square free
∑
16=g,f |xn−1
g,f square free
1
φ(d)Φ(g)Φ(f)
∑
χd
∑
ψg,ψf
∣∣∣∣∣∣
∑
α∈Fqn
χd(α)ψ0(δgα)ψ0(γf(α
2 + α + 1))
∣∣∣∣∣∣
≤
∑
16=d|qn−1
d square free
∑
16=g,f |xn−1
g,f square free
1
φ(d)Φ(g)Φ(f)
∑
χd
∑
ψg,ψf
∣∣∣∣∣∣
∑
α∈Fqn
χd(α)ψ0(δgα + (γf(α
2 + α + 1))
∣∣∣∣∣∣
Using theorem 3.6, we have
∣∣∣∣∣ ∑α∈Fqnχd(α)ψ0(δgα + (γf(α2 + α + 1))
∣∣∣∣∣ ≤ 2qn/2 and hence
|S14| ≤ 2q
n/2(2ω − 1)(2Ω − 1)2.
If S15 is taken over d = 1, h 6= 1, g 6= 1, f 6= 1, then
|S15| =
∣∣∣∣∣ ∑α∈F∗
qn
∑
16=h|qn−1
∑
16=f,g|xn−1
µ(h)µ′(g)µ′(f)
φ(h)Φ(g)Φ(f)
∑
χh
∑
ψg,ψf
χh(α
2 + α + 1)ψg(α)ψf(α
2 + α+ 1)
∣∣∣∣∣
≤
∑
16=h|qn−1
h square free
∑
16=g,f |xn−1
g,f square free
1
φ(h)Φ(g)Φ(f)
∑
χh
∑
ψg,ψf
∣∣∣∣∣ ∑α∈Fqnχh(α2 + α + 1)ψg(α)ψf(α2 + α + 1)− χh(1)ψg(0)ψf(1)
∣∣∣∣∣
≤
∑
16=h|qn−1
h square free
∑
16=g,f |xn−1
g,f square free
1
φ(h)Φ(g)Φ(f)
∑
χh
∑
ψg,ψf
{∣∣∣∣∣ ∑α∈Fqnχh(α2 + α + 1)ψg(α)ψf(α2 + α+ 1)
∣∣∣∣∣ + |ψf (1)|
}
≤
∑
16=h|qn−1
h square free
∑
16=g,f |xn−1
g,f square free
1
φ(h)Φ(g)Φ(f)
∑
χh
∑
ψg,ψf
{∣∣∣∣∣ ∑α∈Fqnχh(α2 + α + 1)ψδg(α)ψγf (α2 + α + 1)
∣∣∣∣∣+ 1
}
≤
∑
16=h|qn−1
h square free
∑
16=g,f |xn−1
g,f square free
1
φ(h)Φ(g)Φ(f)
∑
χh
∑
ψg,ψf
{∣∣∣∣∣ ∑α∈Fqnχh(α2 + α + 1)ψ0(δgα+ (γf(α2 + α+ 1))
∣∣∣∣∣+ 1
}
Using theorem 3.6, we have
∣∣∣∣∣ ∑α∈Fqnχf(α2 + α+ 1)ψ0(δgα + (γf(α2 + α + 1))
∣∣∣∣∣ ≤ 3qn/2
and hence |S15| ≤ (3q
n/2 + 1)(2ω − 1)(2Ω − 1)2
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If S16 is taken over d 6= 1, h 6= 1, g 6= 1, f 6= 1, then
|S16| =
∣∣∣∣∣∣
∑
α∈F∗
qn
∑
16=d,h|qn−1
∑
16=f,g|xn−1
µ(d)µ(h)µ′(g)µ′(f)
φ(d)φ(h)Φ(g)Φ(f)
∑
χd,χh
∑
ψg,ψf
χd(α)χh(α
2 + α + 1)ψg(α)ψf(α
2 + α + 1)
∣∣∣∣∣∣
≤
∑
16=d,h|qn−1
d,h square free
∑
16=g,f |xn−1
g,f square free
1
φ(d)φ(h)Φ(g)Φ(f)
∑
χd,χh
∑
ψg,ψf
∣∣∣∣∣∣
∑
α∈Fqn
χd(α)χh(α
2 + α+ 1)ψg(α)ψf(α
2 + α + 1)
∣∣∣∣∣∣
≤
∑
16=d,h|qn−1
d,h square free
∑
16=g,f |xn−1
g,f squarefree
1
φ(d)φ(h)Φ(g)Φ(f)
∑
χd,χh
∑
ψg,ψf
∣∣∣∣∣∣
∑
α∈Fqn
χd(α)χh(α
2 + α + 1)ψg(α)ψf (α
2 + α + 1)
∣∣∣∣∣∣
≤
∑
16=d,h|qn−1
d,h square free
∑
16=g,f |xn−1
g,f squarefree
1
φ(d)φ(h)Φ(g)Φ(f)
∑
χd,χh
∑
ψg,ψf
∣∣∣∣∣∣
∑
α∈Fqn
χd(α)χh(α
2 + α + 1)ψδg(α)ψγf (α
2 + α + 1)
∣∣∣∣∣∣
≤
∑
16=d,h|qn−1
d,h square free
∑
16=g,f |xn−1
g,f square free
1
φ(d)φ(h)Φ(g)Φ(f)
∑
χd,χh
∑
ψg ,ψf
∣∣∣∣∣∣
∑
α∈Fqn
χd(α)χh(α
2 + α + 1)ψ0(δgα+ (γf(α
2 + α+ 1))
∣∣∣∣∣∣
Using theorem 3.6, we have
∣∣∣∣∣∣
∑
α∈Fqn
χd(α)χh(α
2 + α + 1)ψ0(δgα + (γf(α
2 + α + 1))
∣∣∣∣∣∣ ≤ 4qn/2
and hence |S16| ≤ 4q
n/2(2ω − 1)2(2Ω − 1)2.
Hence we have
|Nqn(q
n − 1, qn − 1, xn − 1, xn − 1)− θ(qn − 1)2Θ(xn − 1)2| ≤ θ(qn − 1)2Θ(xn − 1)2[(qn/2 + 1)(2ω − 1)
+ (2qn/2(2ω − 1)2) + (2Ω − 1) + (qn/2(2ω − 1)(2Ω − 1) + (2qn/2 + 1)(2ω − 1)(2Ω − 1)
+ (3qn/2(2ω − 1)2(2Ω − 1)) + (qn/2 + 1)(2Ω − 1) + (2qn/2(2ω − 1)(2Ω − 1))
+ (3qn/2 + 1)(2ω − 1)(2Ω − 1) + (4qn/2(2ω − 1)2(2Ω − 1)) + (2Ω − 1)2
+ (2qn/2(2ω − 1)(2Ω − 1)2) + (3qn/2 + 1)(2ω − 1)(2Ω − 1)2 + (4qn/2(2ω − 1)2(2Ω − 1)2)]
Our aim is to find pair (q, n) such that Nqn(q
n − 1, qn − 1, xn − 1, xn − 1) > 0
From above we have a sufficient condition for Nqn(q
n − 1, qn − 1, xn − 1, xn − 1) > 0 is
qn − 1 >(qn/2 + 1)(2ω − 1) + (2qn/2(2ω − 1)2) + (2Ω − 1)
+ (qn/2(2ω − 1)(2Ω − 1)) + (2qn/2 + 1)(2ω − 1)
+ (3qn/2(2ω − 1)2(2Ω − 1)) + (qn/2 + 1)(2Ω − 1) + (2qn/2(2ω − 1)(2Ω − 1))
+ (3qn/2 + 1)(2ω − 1)(2Ω − 1) + (4qn/2(2ω − 1)2(2Ω − 1)) + (2Ω − 1)2
+ (2qn/2(2ω − 1)(2Ω − 1)2) + (3qn/2 + 1)(2ω − 1)(2Ω − 1)2 + (4qn/2(2ω − 1)2(2Ω − 1)2)
Which holds if qn/2 > 4.22ω+2Ω. [4.1]
Which our desired result. 
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Remark. This proof is not valid for p = 2, as the theorem 3.4 is not applicable in this case, as
gcd(n, q) 6= 1 for q = 2k, where k is a positive integer. This proof is not valid for p = 3 also, as in
this case f(x) = x2 + x+ 1 = (x− 1)2, and 2|qn − 1. So theorem 3.5 is not applicable.
Since we are taking q > 3, hence theorem 3.6 is applicable here, as no g(x) of degree 2 can be
expressed in the form r(x)q − r(x) in Fqn [x].
Corollary 4.1.1. Let q = pk where p > 3 is prime and k be a positive integer with n|q − 1. For
n ≥ 35, (q, n) ∈M if p ≥ 11 andk ≥ 7.
Proof: From [4.1], by calculation and using Lemma 3.9, Theorem 4.1 and Lemma 3.8 we have
Nqn(q
n − 1, qn − 1, xn − 1, xn − 1) > 0 if qn/10 > 4C(qn − 1)22n [4.2]
as by lemma 3.8, when n|q − 1, we have Ω = n.
Now [4.2] is equivalent to
log q > 10 log 506.25
n
+ 20 log 2 [4.3]
Now for n ≥ 35, the condition holds for q = pk, p ≥ 11 and k ≥ 7.
Hence for n ≥ 35, (q, n) ∈M if p ≥ 11 and k ≥ 7. 
Corollary 4.1.2. Let q = pk, where p > 3 is prime and k is a positive integer and n is any positive
integer such that n ∤ q − 1. If p ≥ 5, k ≥ 7 and n ≥ 72, then (q, n) ∈M.
Proof: In this case Ω ≤ 3
4
n (by Lemma 3.8), then by Lemma 3.7 and Theorem 4.1, we have
qn/10 > 4C(qn − 1)2
3
2
n [4.4]
which is equivalent to
n > log 506.251
10
log q− 3
2
log 2
[4.5]
The right hand side of [4.5] is a decreasing function of q and it is positive when q > 32768. If q = 57,
then the equation is true for all n ≥ 72.
So, (q, n) ∈M for all p ≥ 5, k ≥ 7 and n ≥ 72. 
5 Significance of the result
From the result established by Anju and R.K.Sharma[14] we see that there exists α ∈ Fqn such that
α is primitive normal and α2+α+1 is primitive when q > 181. But in our result, we found that for
the existence of α in Fqn such that both α and α
2 + α + 1 are primitive normal, q must be greater
than 32768, which is quite larger than 181. 
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